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THE ARITHMETIC OF CONSECUTIVE POLYNOMIAL 
SEQUENCES OVER FINITE FIELDS 

DOMINGO GOMEZ-PEREZ, ALINA OSTAFE, AND MIN SHA 


Abstract. Motivated by a question of van der Poorten about the 
existence of infinite chain of prime numbers (with respect to some 
base), in this paper we advance the study of sequences of consecu¬ 
tive polynomials whose coefficients are chosen consecutively from 
a sequence in a finite field of odd prime characteristic. We study 
the arithmetic of such sequences, including bounds for the largest 
degree of irreducible factors, the number of irreducible factors, as 
well as for the number of such sequences of fixed length in which 
all the polynomials are irreducible. 


1. Introduction 

1.1. Motivation. In [24], van der Poorten observed that the numbers 

19,197,1979,19793,197933,1979339,19793393,197933933,1979339339 

are all prime numbers and raised a question that whether there is such 
an inhnite chain of prime numbers (with respect to some base b). One 
related question is whether there exists the largest truncatable prime 
in a given base b (such a prime can yield a sequence of primes when 
digits are removed away from the right). Note that the above integer 
1979339339 is not a truncatable prime. The authors in [1] have given 
heuristic arguments for the length of the largest truncatable prime in 
base b (roughly, the length is bej log b, where e is the base of the natural 
logarithm) and computed the largest truncatable primes in base b for 
3 ^ 6 ^ 15. Both questions might be very hard. 

Mullen and Shparlinski [22, Problem 31] asked an analogous question 
about polynomials over hnite helds. More precisely, let p be an odd 
prime number and q = for some positive integer s. We denote by 
¥g the hnite held of q elements, and use Fq[X] to denote the ring of 
polynomials with coefficients in Fg. 
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For a (finite or infinite) sequence {un}, n ^ 0, of non-zero elements in 
¥q, we define a consecutive polynomial sequence {fn}, n ^ 1, associated 
to the sequence {wn}, in Fq[X] as follows: 

(1.1) fn = UnX"- UiX + Uo, 1. 


If all the polynomials fn, n ^ 1, are irreducible, then the sequence 
{fn} is called a consecutive irreducible polynomial sequence, and {un} 
is called a consecutive irreducible sequence. Given a sequence {«„}, let 
L{{un}) be either oo if {un} is inhnite, or a non-negative integer such 
that L{{un}) -|- 1 is the length of {un}- That is, L{{un}) is the length 
of the associated polynomial sequence {fn}- 

Mullen and Shparlinski [22, Problem 31] asked for lower and upper 
bounds for the maximum length L{q) = max{L({M„})} (possibly in¬ 
hnite), where runs through all consecutive irreducible sequences 
over ¥q. The only known result is a lower bound due to Chow and 
Cohen [5, Theorem 1.2], 


( 1 . 2 ) 


L{q) > 


log? 

2 log log q ’ 


whenever g 7 ^ 3; they also observed that for g = 3, L(3) = 3. 

The work on irreducible polynomials with prescribed coefficients 
might rehect that such an upper bound of L(g) indeed exists. Twenty 
years ago, Hansen and Mullen [13, Conjecture B] conjectured that for 
any n ^ 3, there exists a monic irreducible polynomial of degree n over 
¥q with a prescribed coefficient. This conjecture has been proved by 
Wan [35] and Ham and Mullen [12]. Most recently. Pollack [23] has 
showed that for any e > 0 , and all large enough n depending on e, one 
can hnd a monic irreducible polynomial of degree n over ¥q with any 
L(1 — e)-v/nj coefficients preassigned. However, to search for consecu¬ 
tive irreducible sequences, we need to £x n values uo,ui,..., Un-i € ¥* 
and hnd Un € ¥* such that the polynomial UnX'^ UiX -|- uq 

is irreducible. Thus, the difficulty of the above work suggests that 
searching for consecutive irreducible sequences of infinite length might 
be inaccessible. Moreover, at the end of Section 5.2 we give a heuristic 
argument to predict that L(g) < 3g. 

We also want to remark that it is easy to construct an inhnite chain 
of consecutive irreducible polynomials over the rational integers Z. For 
example, given a prime number i, all the polynomials 1 -f- £X, 1 -f iX + 
iX‘^,l + iX + iX‘^ + iX^,... are irreducible, which can be obtained 
by using Eisenstein’s criterion to their reciprocal polynomials and with 
respect to the prime number i. 
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Throughout the paper, we use the Landau symbols O and o and the 
Vinogradov symbol We recall that the assertions U = 0{V) and 
U (sometimes we write this also as V 3> V) are both equivalent 
to the inequality \U\ ^ cV with some constant c > 0, while U = oiV) 
means that U/V —?• 0. In this paper, the constants implied in the 
symbols O, <C are absolute and independent of any parameters. If the 
implied constant is not absolute and depends on some parameter p, 
then we write Op and <^p. 


1.2. Our results and methods. In this paper, we study the arith¬ 
metic of consecutive polynomial sequences dehned by (1.1), such as, 
the growth of the largest degree of irreducible factors, the number of 
irreducible factors, as well as giving upper and lower bounds for the 
number of consecutive irreducible sequences of hxed length. We de¬ 
scribe below our results and the techniques we use in more details. 

In Section 2 we introduce the main tools that we use to prove our 
results. In Section 3, we use a method introduced in [11], relying on 
the polynomial ABC theorem (proved hrst by Stothers [33], and then 
independently by Mason [20, 21] and Silverman [30], see also [31]), to 
give a lower bound on the largest degree D{fn) of the irreducible factors 
of /„, n ^ 1, defined by (1.1). In particular, we prove that given an 
arbitrary sequence {fn} of inhnite length dehned by (1.1), for almost 
all integers 1, 


Difn) » 


logn 

logg' 


In Section 4, using similar ideas as in [25], we prove that for any 
consecutive polynomial sequence {/„} dehned by (1.1), for any integers 
m ^ 0 and H ^ 2, the number Lo{fm+ifm +2 ■ ■ ■ fm+n) of irreducible fac¬ 
tors of the product of H consecutive polynomials fm+i, fm+ 2 , ■ ■ ■, fm+H, 
satishes 


... . ^ {m + H)H 

^[Jm+lJm+2 ' ' ' Jm+H) ^ i rr 1 / i ZT\ ' 

m -I- ii log(m -|- H) 

Given a hnite set S of irreducible polynomials in Fg[X], we also give 
an upper bound for the number of iS-polynomials among H consecutive 

polynomials fm+l, fm+2, ■ ■ ■ , fm+H- 

We conclude this section by showing that there exists a consecutive 
polynomial sequence {fn} of length at least L(3g)^/^J dehned by (1.1) 
such that all the polynomials are pairwise coprime. In this setting, the 
bound is much better than that in (1.2). 

In Section 5, we give upper and lower bounds for the number In oi 
consecutive irreducible polynomial sequences of length N. This is also 
the most technical part of the paper. To give such bounds, we use a 
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sieve for large values of N and also the Weil bound for multiplicative 
character sums, together with Stickelberger’s Theorem [32, 34] (which 
gives the parity of irreducible factors of a polynomial) for N that are 
not too large compared to q. We prove that for any integer iV ^ 2, we 
have 

(1.3) In < 
and 

(1.4) In < + 2 /3. 

Note that (1.4) is better than (1.3) when q is much larger than N. The 
rest of the section is dedicated to obtaining a formula for I 2 and explicit 
lower bounds for J 3 and J 4 , which are better than those implied in [5]. 

2. Preliminaries 

In this section we gather some tools which are used in the proofs for 
the convenience of the reader. 

We start by recalling a few properties of discriminants and resultants 
of polynomials. A detailed exposition on this subject can be found in [4, 
Part III, Chapter 15]. For two polynomials f,g E Fg[W], we denote by 
Disc (/) and Res (/, g) the discriminant of / and the resultant of / and 
g, respectively. The following well-known formula for the discriminant 
of the product fg can be found in [4, Part III, Chapter 15, Proposition 
2] (see also [15, Theorem 3.10]), 

(2.1) Disc {fg) = Disc (/) Disc {g) Res (/, g)'^. 

The discriminant of a polynomial / can be viewed as a polynomial 
function in the coefficients of /. This point of view gives the following 
simple formula, which can be regarded as a relation between discrimi¬ 
nants of polynomials of consecutive degrees; see [15, Theorem 3.11]. If 
/ G Fg[W] is of degree at most d (not necessarily hxed d), 

f = + g^ g = ^ -l- ■ ■ ■ -l- aiX -|- oq, 

then if we set = 0 , we can get the following relation 

(2.2) Disc (/) = a^_iDisc {g). 

One of the main tools used for our results is Stickelberger’s Theorem 
(see [32] or [34, Corollary 1]), which gives the parity of the number 
of distinct irreducible factors of a square-free polynomial over a hnite 
held of odd characteristic. This provides a powerful tool to study the 
number of irreducible factors of polynomials. 
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Lemma 2.1. Suppose that f G Fq[X], where q is odd, is a polynomial 
of degree d ^ 2 and is the product of r pairwise distinct irreducible 
polynomials over F^. Then r = d (mod 2) if and only if Disc (/) is a 
square element in Fg. 

For proving our results, we treat the discriminant of a general polyno¬ 
mial / as a multivariate polynomial in the coefficients of / and study 
for which substitutions of the variables the discriminant is a square. 
This technical result has been given in [10, Lemma 5.2], which in fact 
implies an explicit result. Here, we reproduce the proof briefly. 

Lemma 2.2. Let G E ¥g[Yo,Yi,... ,Yd\ be a polynomial of degree D, 
which is not a square polynomial in the algebraic closure o/F^. Then 
there exists i G {0, 1 ,..., d} such that G(ao, ..., fli-i, Yi, Oj+i, ..., a^) is 
not a square polynomial in Y^ up to a multiplicative constant for all but 
at most D‘^q^~^ values of ao,..., Oj-i, Oj+i ,... ,ad E Fg. 

Proof. As the proof in [10, Lemma 5.2], let 

^(Fo,..., Fd) = aG'i(Fo,..., Y^Y^ ■ ■ ■ Gh{Yo, ..., Y^Y'^ 

be the decomposition of the polynomial in a product of a non-zero 
constant and monic irreducible polynomials, and assume that di is 
an odd integer and Gi(Fo,..., F^) depends on some variable Y^. The 
result in [10, Lemma 5.2] comes from the sum of three upper bounds 
degGi(degGi — l)q^~^ and degGi degG^g'^"^, where j is some 
integer between 2 and h (it may not exist). 

In fact, if the polynomial G(ao,..., aj_i, T), Oj+i,..., a^) is a constant 
polynomial under the specialisation oq, ..., aj_i, Oj+i,..., G Fg, then 
for some k, Gk{ao, ..., aj_i, Fj, Oj+i,..., a^) is also a constant. So, the 
bound Dq'^~^ can be replaced by maxi^fc,g/i deg G^. Noticing 

^ max deg Gk + deg Gi(deg Gi — 1) -|- deg Gi deg Gj, 
we get the desired result. □ 

To estimate the number of consecutive irreducible sequences, we need 
the Weil bound for character sums with polynomial arguments (see [19, 
Theorem 5.41]). 

Lemma 2.3. Let x a multiplicative character of¥q of order m > 1, 
and let f E Fq[X] be a polynomial of positive degree that is not, up to 
a multiplicative constant, an m-th power of a polynomial. Let d be the 
number of distinct roots of f in its splitting field over F^. Under these 
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conditions, the following inequality holds: 


^(/(^)) 

X&q 


^{d- 


Some of our results are also based on the polynomial ABC theo¬ 
rem [20, 21, 30, 31, 33], 

For a polynomial / G IFq[X] we use rad (/) to denote the product of 
all monic irreducible factors of /. 


Lemma 2.4. Let A, B, C he non-zero polynomials over with A -\- 
B C = 0 and gcd {A,B,C) = 1. If deg A ^ degrad {ABC), then for 
their derivatives, we have A' = B' = C = d. 


To obtain an upper bound for the number of consecutive irreducible 
sequences of hxed length, we need the following result due to Johsen 
[17, Corollary 2] on the number of irreducible polynomials over Fg in 
an arithmetic progression. 

Lemma 2.5. Let n and r he positive integers such that 1 ^ r < n, 
and let f G Fg[X]. Denote hy 7i{f;n,r) the number of irreducible 
polynomials of degree n which are congruent to f modulo . Then 

nf^n—r+l 

n{f;n,r) < -. 

n — r 

Finally, we recall a classical result on using the cubic resolvent to 
solve quartic equations, which is due to Euler [7, §5]. Here, we repro¬ 
duce a form from [16, Theorem 3.2], 

Lemma 2.6. Let K he an arbitrary field of characteristic not equal to 
2 or 3. Given a quartic polynomial f{X) = -\-bX-\-c G K[X], 

define its cubic resolvent hy R{X) = X^ -\- 2aX‘^ -\- {a^ — 4c)X — 6 ^. Let 
u, V, w be the roots of R, and put 71 = ^/u, 72 = ^/v, 73 = y/w, where 
we choose the signs so that 717273 = —h. Then, the roots of f are given 
by 

{ Pi = 1(71 + 72 + 73), 

P2 = 1(71-72-73), 

P'i = i(- 7 i + 72 -73), 

Pi = |(- 7 i -72 + 73). 


3. The Largest Degree of Irreducible Factors 

We recall that for a consecutive polynomial sequence {/„} dehned 
by (1.1), we use D(/„) to denote the largest degree of irreducible factors 
of fn for each n ^ 1. 
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The following is our main result of this section. We use the same 
technique as in the proof of [11, Theorem 10]. Recall that p is an odd 
prime and the characteristic of F^. 


Theorem 3.1. Let {fn}, n ^ 1 be any consecutive polynomial sequence 
defined by (1.1) of infinite length. For any integers n ^ 2q and d 
satisfying 0 < d ^ 

(3.1) 

™ n/r log((n + l)/2) + log log g - log log(n/2) 

logg 

Moreover, if p\n + 1 or p\ d, then 


(3.2) 


max{T)(/„),T)(/„+rf)} > 


log((n + l)/2) 
logg 


Proof. Fix an integer n ^ 2g and £x an integer d such that 

log(n/2) 


0 < d ^ 


logg 


By construction we have that 

/n+d - /n = . 


. i=l 


Let g = gcd(/„, fn+d)- Then we must have that g divides 
and so degg ^ d - 1. Put A = fn+d/g, B = -fn/g and 


C 


_Xn+l E ^i+nX 


i—1 


. *=1 


/g- 


Then, 

A + B + C = t) and gcd(y4, B, C) = 1. 

Let m be the largest non-negative integer such that A = Af^ , B = 
B^ ,C = Cf for some polynomials Ai,Bi,Ci such that the identity 
about derivatives = R] = = 0 is not true. Note that m = 0 if 

and only if the identity A' = B' = C = 0 does not hold. Then, we 
have 

-|- Ri -|- Cl = 0 and gcd(y4i, Ri, Ci) = 1. 

By the form of C, we can write Ci as 

Cl = X^^+^'>/P"h{X) with deg h^{d- \)/p^ 


for some polynomial h{X) (note that we indeed have p"^ 


n + 1). 






DOMINGO GOMEZ-PEREZ, ALINA OSTAFE, AND MIN SHA 


Since both deg A and degB are divisible by p"*, we get | d. So 
the choice of d implies that 

log(n/2) 


(3.3) 




logg 


We dehne N as the largest integer satisfying 
(3.4) 2q^ ^ {n + l)/p'^. 


So, we have 


(3.5) 

If iV 


iV + 1 > 


log((n + l)/2) — mlogp 
logg 


0 , then we obtain 


n + 1 < 2gp™' ^ 


2g log(?7,/2) 
logg 


which implies that the right side of (3.1) is less than 1, and thus (3.1) 
is true automatically. 

In the following we assume that N ^ 1 . Now, we prove the desired 
result by contradiction. Suppose that 


max{D{fn),D{fn+d)} ^ N. 


This means that the polynomial fnfn+d can be factorized by irreducible 
polynomials of degree at most N. So, any root of /„ or fn+d belongs 
to Fqj with j ^ N. Then, the product fnfn+d has at most 

N 

(3.6) J2q^<2q^ 

j=i 


distinct roots. 

Then, applying Lemma 2.4 to Ai, Bi and Ci, we obtain 

72 - 1-1 

^ degAi < degrad (AiBiCi) 

< degiad { fn + dfnXh { X )) ^ 2g^, 


where the last inequality comes from (3.6) and the fact degh < N 
(which can be straightforward proved by collecting (3.3) and (3.5) and 
noticing the choices of h { X ) and d). Hence, we get (n + l)/p"* < 2q^, 
which contradicts (3.4). So, we must have 

M ^ log((^ +l)/2)-"ilogp 

(3.7) max{D{fn),D{fn+d)} > -^-, 

logg 

which, together with (3.3), concludes the proof of (3.1). 
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Now, it remains to prove (3.2). If the derivatives A = B' = 0, then 
we get that both n + d — deg g and n — deg g are divisible by p, and 
thus p I d. Since C can be written as C = X^^^r{X), where r{X) is 
some polynomial with r(0) ^ 0, if C' = 0, then we must have p | n + 1. 

Thus, under the condition pfn + 1 or p \ d, the identity A' = B' = 
C" = 0 is not true, and then the integer m = 0. So, the desired result 
follows from (3.7) directly. □ 

We want to point out that the conclusions in Theorem 3.1 also hold 
for consecutive polynomial sequences of hnite but sufficiently large 
length. One can understand other relevant results in this paper from 
the same point of view. 

Now, we want to give an example to show that without the condition 
pfn + lorpfd, the case A' = B' = C = can happen in the proof 
of Theorem 3.1. 

Example 3.2. Choose q = 3, and «„ = 1 for all integers n ^ 0, and 
use the notation in the proof of Theorem 3.1. Fix n = 56 and pick 
d = 3, then we have 

fn = {X^^ + X^^ + --- + X^ + 1){X^ + X + 1 ), 

fn+d = + X^^ + --- + X^ + 1){X^ + X + 1). 

So, we can get that m = 1, = 3 and gcd(/„, fn+d) = X"^ + X + 1. It 

is easy to see that A' = B' = C = 0. 


Moreover, we can get the following asymptotic result. 

Corollary 3.3. Let {fn}, n ^ 1, be a consecutive polynomial sequence 
of infinite length defined by (1.1). For almost all integers n ^ 1, we 
have 

D(U » 

logg 

Proof. By (3.1), there exists an absolute constant c such that 

clog(n + d) 


(3.8) 


ma.y.{D{fn),D{fn+d)] > 


logg 


for any integer n ^ 2g and any 0 < d ^ (note that the choice 

of c is independent of g). 

Now, for any sufficiently large u, if D{fn) 

any 0 < d ^ have 

clog(u + d) 


DUn+d) > 


logg 
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This implies that 


lim 



0 , 


N 


which completes the proof. 


□ 


Theorem 3.1 tells us that there exist irreducible factors with arbitrary 
large degree in such a given sequence { fn }- However, it is generally false 
that D{fn) grows with n or even that D{fn) > 1 for all sufficiently large 
n. As an example, taking = 1 for all n ^ 0, it is easy to check that 


/„(A)(X-l)=X"+'-l, n^l. 


Fix an integer n ^ 1 and write n + 1 = with gcd(m,p) = 1, then 
according to [19, Theorem 2.47], D{fn) is exactly the multiplicative 
order of q modulo m. Especially, when n + 1 = for some integer fc, 
then fn { X){X — 1) = (X — 1)^*, and thus D { fn ) = 1. 

In addition, given two non-zero coprime integers g, m with m ^ 
1, denote by ig{m) the multiplicative order of g modulo m. In [18, 
Theorem 1] (see [29, Theorem 3.4] for previous work), the authors 
have showed that if the Generalized Riemann Hypothesis is true, then 
for the average multiplicative order, we have 



(3.9) 


m^x 

gcd(m,g)=l 


as X —)■ cxD , uniformly in g with 1 < |p| ^ logx, where B is an explicit 
absolute constant. This can give a conditional asymptotic formula of 
the average value of D { fn ) for the above sequence { fn }- 

Theorem 3.4. Let { fn } be the consecutive polynomial sequence defined 
by (1.1) such that all the coefficients of fn for any n ^ 1 are equal to 
1. Under the Generalized Riemann Hypothesis, we have 



as X ^ oo, where B is the explicit constant in (3.9). 

Proof. From the above discussions, for any n ^ 1, D { fn ) = iq { m ) for 
some integer m, where n + 1 = with gcd(m,p) = 1. So using (3.9), 
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for sufficiently large x we have 
1 
X 




n^x 

1 

X 


4M + - 4M + - 4(m) + --- 

il/ Jb _ 


m^x+l 
gcd(m,q')=l 

, 1 1 

— (1 + ^ + ^ + 
pZ 


m^(a;+l)/p 

gcd(m,g)=l 


m^(x+l)/p^ 

gcd(m,g)=l 


X / 51oglogx 

exp 1 TrrTrrrrrYll + o(l)) 


2 

P X 


exp 


log X \ log log log X 
/ -B log log X 


(p2 — 1) log X \ log log log X 

as X —>■ oo, which completes the proof. 


(1 + 0 ( 1 )) , 


□ 


Theorem 3.4 suggests that the bound in Corollary 3.3 might be not 
tight for the sequence {fn} in Theorem 3.4 and thus might be not 
optimal in general. 

Furthermore, we can say more about the above sequence {fn}- One 
can see that fn is irreducible if and only if n + 1 is a prime number 
coprime to q and g is a primitive root modulo n + 1. Recall that q = p^. 
If s is even, for any n ^ 2, if n + 1 is prime, then q is not a primitive 
root modulo n + 1; thus, for any n ^ 2, fn is reducible. Otherwise, if s 
is odd, under Artin’s conjecture on primitive roots, there are inhnitely 
many integers n such that fn is irreducible. 


4. The Number of Irreducible Factors 

From now on, for a polynomial / G Fq[X] we use uj{f) to denote the 
number of distinct irreducible factors of /. In this section, we study 
irreducible factors of consecutive polynomial sequences. First we need 
a lemma based on similar ideas as in [25, Lemma 1]. 

Lemma 4.1. Let {fn} be any eonsecutive polynomial sequence defined 
by (1.1). Given a non-constant polynomial g G Fg[X], g(0) ^ 0, and 
integers m ^ 0 and H ^ 2, denote by T{m,H] g) the number of positive 
integers n with m + l^n^m + if such that g \ fn, and let e{m,H;g) 
be the power of g in the product fm+ifm +2 ■ ■ ■ fm+H- Then, we have 

T{m,H;g) ^ 1 + H/degg, 


e{m,H;g) < 


m + H log(m + H) 
degg 


and 
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In particular, if H ^ 3, we have 


T{0,H-,g) ^ H/deg g and e{0,H-,g) ^ 

degg 


Proof. For any integers n,d ^ 1, we have 

d 

i=l 

li g \ fn, then we can see that g \ fn+d if and only if g \ Y,t=i Un+iX^~^. 
Thus, if I /„ and d ^ deg^f, then we must have g \ fn+d- This implies 
that 


T{m,H-,g) ^ 1 + H/degg. 

Now, let 6{m, H] g) be the maximal power of in a factorization of 
any one polynomial fm+i, fm+ 2 , ■ ■ ■, fm+H- Then, we deduce that 


e(m,H-,g) [(m+_H')/deggJ 

e{m,H;g)= ^ T{m, H; g’^) ^ ^ (1 + deg^)) 

k=l k=l 

m + H log(m + H) 

<- 

degg 

For the case m = 0, one can apply the same arguments to get the 
desired explicit estimates without using the symbol “-C”. Here, in 
order to bound e{0,H;g), one should use the assumption H ^ 3 and 
also the trivial upper bound for the partial sum of the harmonic series: 

n 

^ l//c ^ 1 + logn, n ^ 1. 

fc=i 


□ 


Now, we are ready to estimate the number of distinct irreducible 
factors of the product of consecutive terms in a consecutive polynomial 
sequence {fn}, similarly as in [25, Theorem 2]. 


Theorem 4.2. Let {fn} o-it-U consecutive polynomial sequence de¬ 
fined by (1.1). For any integers m ^ 0 and H ^ 2, we have 


^ {fm+lfm+2 ■ ■ ■ /m+i?) 


(m + H)H 


m H log(m + H) 


In particular, if H ^ 3, we have 


uj{hh---fH)^H/{UogH). 
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Proof. It follows from Lemma 4.1 that for any irreducible polynomial 
g e FJX] we get 

deg( 5 f®*'™’^’^^) + H log(m + H). 

On the other hand, since deg/„ = n for any n ^ 1, we have 

deg(/m+i/m +2 ■ ■ ■ fm+u) > rriH + H"^. 

Thus, the above two bounds yield the hrst desired result. 

The second desired lower bound can be obtained by applying the 
same arguments and using the explicit estimates in Lemma 4.1. □ 

In the following, we give a direct consequence of Theorem 4.2. 

Corollary 4.3. Let {/„} he any consecutive polynomial sequence de¬ 
fined by (1.1) such that all the polynomials split completely over 
for a fixed integer k ^ 1. Then the length of the sequence {/„} is 
O^kq'^logq). Moreover, if k = 1, the the length of {fn} is at most 
2q + l. 

Proof. It follows directly from Theorem 4.2 as for any H ^ 3 {H is not 
greater than the length of {fn}), we have 

q^>u{fj2---fH)^H/{4\ogH), 

which concludes the proof of the hrst part. 

Notice that for {/„} the largest degree of irreducible factors is equal 
to 1, then the second part follows from (3.1) (choosing n = 2q there). 

□ 

Let iS be a hnite set of irreducible polynomials in Fq[X]. We call a 
polynomial / G Fg[X] an iS-polynomial if all its irreducible factors are 
contained in S. 

Theorem 4.4. Let {fn} be a consecutive polynomial sequence defined 
by (1.1). For any integers m ^ 0 and H ^ 2, denote by Q{m, H;S) 
the number of S-polynomials amongst fm+i, fm+2, ■ ■ ■, fm+H- Then, we 
have 

Q{m,H-,S) |iS| logiLlog(m + iL). 

Proof. We follow that same approach as in [25, Theorem 3]. 

Set Lq = 1. Split the interval [l,Lf] into k = 0(\ogH) intervals 
[Lj_i, Lj\, where L, = min{2b PI}, i = 1,2,... ,k. For any 1 ^ i ^ k, 
let Mi be the number of iS-polynomials among fn, n G [m+Lj_i, m+Lj]. 
Since deg fn = n for each n ^ 1 and Li ^ 2Lj_i for any 1 ^ i ^ k. 
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combining with Lemma 4.1, we obtain 

g£S 

< |5|(m + Li_i) log(m + Li). 

So, we get Mi -C |5| log(m + Li). Thus, 

k k 

Q{m, H;S) = ^ Mi -C \S\ ^ log(m + Li) -C \S\ logHlog{m + H). 

i=l i=\ 

□ 

The equation (1.2) says that when q is large enough, there exists 
a consecutive irreducible polynomial sequence whose length is greater 
than 2 ilglog q ■ improve this lower bound if we want to search for 

a consecutive polynomial sequence whose terms are pairwise coprime. 

Theorem 4.5. There exists a consecutive polynomial sequence {fn}n=i 
defined by (1.1) of length 

L(3g)'/'J, 

such that all the terms are pairwise coprime. 

Proof. First, we note that two polynomials / and g are coprime if and 
only if their resultant Res (/, g) 7 ^ 0. So, given a consecutive polynomial 
sequence {/„} of length H, the polynomials fi, f 2 , ■ ■ ■, fn are pairwise 
coprime if and only if 

(4.1) J] ResifiJfi^O. 

Without loss of generality, we £x mq = 1- Since 

n (/*’ /i) = n 

= ± n Res (/.,(/,-/.)/V+') , 

as a polynomial in variables ui,..., uh, we have 

deg n Res (/„ (/, - /,)/X'+>) 

H-1 H 

2=1 j=i-\-l 

= ^-H{H-l){2H-l)<^-H\ 
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Thus, the multivariate polynomial (/u (/j ~ 

has less than zeros. However, the vector {ui,... ,uh) can 

take choices. So, when q ^ H^/3, we can choose uo,ui,... ,uh such 
that the inequality (4.1) holds; that is, we get a consecutive polyno¬ 
mial sequence whose terms are pairwise coprime. This completes the 
proof. □ 


5. The Number of Consecutive Irreducible Sequences 


For any integer iV ^ 2, we denote by In the number of consecutive 
irreducible sequences n ^ 0, of length iV -|- 1. That is. In is the 

number of consecutive irreducible polynomial sequences of length N. 
In this section, we give some upper and lower bounds for In, as well 
as an asymptotic formula. 


5.1. Trivial bound. Recall that for integer n ^ 1, vrq(n) is the number 
of monic irreducible polynomials of degree n over ¥q. By [23, Lemma 
4], we have 


(5.1) 


o’* 


< ^ 
n 


Trivially, we have that /at is not greater than the number of irre¬ 
ducible polynomials of degree N over Fg. So for iV ^ 2, we have 


(5.2) 


qN 


5.2. Upper bounds. Here, under some circumstances we establish 
two upper bounds for In better than the trivial one in (5.2). We recall 
that q is an odd prime power. 


Theorem 5.1. For any integer N ^ 2, the number In of consecutive 
irreducible polynomial sequences of length N satisfies 

In < < 0.871^g^+^ 

Moreover, for N ^ 7 we have 

In < < 0.855^g^+b 

Proof. Later on in Theorem 5.5 we will show that I 2 = ^(g — 1)^. Then, 
we have I 3 ^ l{q — 1)"^. It is easy to check that both U and J 3 satisfy 
the hrst desired inequality. Now, assume that N ^ A. 

Note that for each consecutive irreducible polynomial sequence {fn} 
of length N dehned by {un} and for any positive integer 2 ^ m ^ N, 
we have 

unX^ + --- + UiX + uo = UN-mX^-^ + ---+UiX + uo mod 
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which, together with Lemma 2.5, implies that 

2(7”' 

(5.3) In < In-tti ■ -r- 

?n — 1 

Write N = km + r with 0 ^ r < m. Using (5.3) repeatedly, we obtain 

k 

/ y.n'"^ \ 

In < Ir 


2q^- 


m 


where one should note that Iq = q — 1 and Ji = {q — 1)^. 
Applying the trivial estimate A < we have 


In < q 


N+l 


m 




N 


where g{m) = It is easy to see that when m = 7 the term 

g{m) attains its minimum value, which requires that N ^ 7. Since 
Ia ^ \i.q ~ 1)^5 we choose the value gib) for the general bound, and 
pick g{7) for N ^ 7. This completes the proof. □ 


In the following, we want to improve the upper bound in Theorem 
5.1 when q is much larger than N. To give such an improvement on 
bounding In, we use the same technique as in [10, Theorem 5.5]. For 
this we need the following lemma. 

Lemma 5.2. Let {/„}, n ^ 1, be a consecutive irreducible polynomial 
sequence defined by 0, in (1.1). Then, for any n ^ 1, 

Dn\,...,ni, Disc (/kj ) , 2 ^ IT-i < . . . < lij/, 

i=i 

is not a square polynomial in uo,ui, ..., Un„ (as a multivariate polyno¬ 
mial). 

Proof. The proof follows by induction on ^ 1. Although the se¬ 
quence {un} is given, we sometimes view Uq,Ui, ... as variables when 
considering discriminants without specific indication. 

For the induction argument we need to prove that and is 

not a square polynomial. 

We prove first that is not a square polynomial. If Dn^ = 
Disc (/m) would be a square polynomial as a multivariate polynomial 
in Mo,..., Mni, then for any specialisation of the variables uq, ..., Un^, 
we would get that Disc (/m) is a square element in F^. From Lemma 
2.1, this implies that for any choice of Uq, ... ,Un^ G F^, ^ 0, the 

number of irreducible factors of fm is congruent to ni modulo 2 when 
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fm is square-free, which is obviously not true in general. Thus, Dm is 
not a square multivariate polynomial. 

We prove now that T*ni,n 2 is not a square polynomial in mq, • • •, Wn 2 - 
If Dm ,712 is n square polynomial, then it is also a square polynomial for 
the specialisation Un 2 = 0. Using now (2.2) with Un 2 = 0, we get 


Disc {fm) = u^^.iDisc (/n 2 -i), 


which implies that 


Dn7,n2 = Um-l'DisC (/n2-l) = ul^_^DisC (/n2-l) DUc (/„J , 


which is a square if and only if Disc (/m) Disc (/„ 2 _i) is a square. 

If 772 — 1 > 77 i we continue the same process as above, that is, if 
Disc (/m) Disc (/„ 2 -i) is a square then it is a square for the specialisa¬ 
tion Un 2 -i = 0. From (2.2), we get 


Disc (/n2-l) = Mn 2 - 2 DisC {f712-2) ■ 


We apply this reduction until we obtain n 2 — k = rii + 1, that is for 
fc = 772 — ni — 1 times. Putting everything together we get that if Dm,n 2 
is a square polynomial, then so is 



and thus Disc (/m) Disc (fm+i) is also a square polynomial. Using (2.1), 
this is equivalent with that Disc (/m/ni+i) is a square polynomial. Sup¬ 
pose that Disc (/m/ni+i) is a square polynomial in mq, • • •, Uni+i, then 
by Lemma 2.1, the number of irreducible factors of fmf 7 ii+i, which is 
exactly 2 (as fm and fm+i are irreducible), is congruent to 1 modulo 
2 (as 277 i -|- 1 is the degree of /m/m+i); this is not true. We finally 
conclude that Dm ,712 is not a square polynomial. 

We now assume that p ^ 3 and the statement true for Dm,..., 7 ij for 
any j ^ 12 — 1. If Dm,...,n,, is a square polynomial, then using exactly 
the same reductions as the above (using (2.2)), but — riu-i times, 
we obtain that 



is also a square polynomial. Thus, Dm,..., 71^.2 is a square polynomial, 
which contradicts the induction hypothesis. Now, we conclude the 


proof. 


□ 
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Remark 5.3. In the second paragraph of the above proof, we actually 
prove that for any polynomial / G Fg[X] of degree greater than 1, its 
discriminant is not a square polynomial as a multivariate polynomial 
in the coefficients of / (treated as variables). 

Now, we are ready to get a better upper bound of /at when q is very 
large compared to N. 

Theorem 5.4. For any integer N ^ 2, the number In of consecutive 
irreducible polynomial sequences of length N satisfies 

In < + 2 /3. 

Proof. Let {/„} be a consecutive polynomial sequence of length N de- 
hned by a sequence {«„} in (1.1). If f 2 , ■ ■ ■ ,fN are irreducible polyno¬ 
mials, by Lemma 2.1, we know that 

X (Disc (/O) = (-!)"+', n = 2,3,...,N, 

where y is the multiplicative quadratic character of F^. 

Thus, we have 

1 ^ 

(/„))) 

uo,...,UN&q n=2 

( 5 - 4 ) „ 

E (/„))). 

uo,...,UNG¥q n=2 

Just expanding the product in (5.4), we obtain 2^“^ — 1 character 
sums of the shape 
(5.5) 

(-1)"+"^+-+"'' 5^ x(nDisc(/„jV 2^ni<---<n,^iV, 

U0,...,U„^&q \j = l / 

with z/ ^ 1 and one trivial sum that equals q^~^^ (corresponding to the 
terms 1 in the product of (5.4)). 

So, the trivial summand of the right-hand side in (5.4) is equal to 
g^+i/2^“L We view each nj=i Disc (/„J as a multivariate polynomial 
in Mo, ui, ..., Un^, whose degree is equal to 

V 

E(2", — 2 ) = 2 (ni -|- ■ ■ ■ -t- Uy) —2v^ iV^. 
i=i 

Note that if we associate values to variables among uq, Ui, ..., Un^, 
the resulted polynomial might be a square polynomial in the remaining 
variable up to a multiplicative constant. By Lemma 5.2, we know that 
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nj=i Disc is not a square polynomial in mq, Mi, ..., and thus 
by Lemma 2.2 we obtain that there exists i G {0,1,..., n^} such that 
nj=i Disc {fnj) is not a square polynomial in Ui up to a multiplicative 
constant for all but at most values of 

MQ) ■ ■ ■ 1 Hi—1) . . . , G IFg. 

We use Lemma 2.3 for those specialisations for which nj=i Disc 
is not a square polynomial in Ui up to a constant; and for the rest, we 
use the trivial bound. Thus, we deduce that 


UQ,...,Un^&q \i=l 


^ n,.+l/2 j\r4 


Note that the sum of the terms g"*' through all the choices 2 ^ ni < 
■ ■ ■ < riij ^ N \s exactly equal to 
N 

J 22 --Y < TTT^ ■ i ■ 2 ^q^. 


n=2 


2 q-l 


So, regarding (5.4) and putting everything together, we obtain 
In < + 2 (iV2g^+D2 + /3^ 

which completes the proof. □ 


We remark that when N ^ A and q ^ 4A+^/^N^, for the three 
summation terms in the bound of Theorem 5.4 each of them is not 
greater than one third of the bound in Theorem 5.1, so 

Theorem 5.4 is better than the hrst bound in Theorem 5.1. 


5.3. Heuristic upper bound. Here, we present a heuristic estimate 
for Jjv, N ^ 2, which is compatible with numerical data and implies an 
upper bound for L(g) (dehned in Section 1.1). 

For any integer n ^ 1, let 7 i*{n) be the number of monic irreducible 
polynomials of degree n over Fg whose coefficients are all non-zero. 
Then for n ^ 2, given a polynomial of degree n and without zero 
coefficients, the probability that it is irreducible is 

(g- l)7r*(n) ^ 7r*(n) 

(g-l)n+l “('g_X)n' 

So, when hxing non-zero coefficients Mo,Mi, ... ,m„_i and varying the 
leading coefficient 7 ^ 0 , we seemingly can get 

(g- l)7r*(n) _ 7r*(n) 

(g-l)-i 


(g-1)- 









20 


DOMINGO GOMEZ-PEREZ, ALINA OSTAFE, AND MIN SHA 


irreducible polynomials of degree n. But this ignores the fact that these 
q — I polynomials are not quite random, because as a random variable 
Un can be chosen to be zero. Thus, we need to introduce a correction 
factor (g — l)/g, and so we probably can get 

^ q-l ^ 71*jn) 

{q — q q{q — 

irreducible polynomials of degree n. Hence, one could expect that 

(5-6) In = (i1- 1)" n 


where the factor (g — 1)^ comes from Ii. 

Note that (5.1) implies a heuristic upper bound for 7r*(u): 

(5.7) 77g{n) ^ 


n 


because the constant term is already non-zero. In fact, regarding the 
prime number theorem for polynomials (see [28, Theorem 2.2]), the 
upper bound in (5.7) is also a good approximation of 7r*(n). Thus, we 
can get the following heuristic upper bound for In- 

(g - 1)^+^ 


(5.8) 


In ^ 


N\ 


Figure 1 illustrates the comparison between the number of consecu¬ 
tive irreducible polynomial sequences and the estimate (5.8) for g = 17, 
where the horizontal axis represents N. Figure 1 suggests that (5.8) is 
also a good approximations of In, and so is (5.6). 

Using the standard estimate on the factorials (for example, see [27]): 


A^! > V27iN (N/e)^ , 


where e is the base of the natural logarithm, we obtain 

(g - l)^+ViV! < 1 

when N ^ 3g. Thus, under the heuristic upper bound (5.8) we have 
In = 0 for N ^ 3g, and so 

(5.9) L(g) < 3g. 


This is compatible with Table 1. 

Hence, heuristically there is no consecutive irreducible polynomial 
sequence of inhnite length over ¥q. 

Finally, we want to point out that in the above heuristic we assume 
in some sense that irreducible polynomials without zero coefficients are 
equidistributed. 
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10 15 20 25 30 35 


Figure 1. Comparison between Ij^ (dots) and the up¬ 
per bound in (5.8) (stars) for q = 17. 

Table 1. Values of L{q) for small q 


q 

3 

5 

7 

9 

11 

13 

17 

19 

23 

L{q) 

3 

6 

8 

16 

23 

29 

38 

41 

47 


5.4. Lower bounds. In the proof of [5, Theorem 1.2] (noticing Theo¬ 
rem 1.1 and Equation (3.5) there), the authors actually have given an 
asymptotic formula for In with respect to q: 

(5-10) In = On , 

where, in particular, the implied constant can be easily computed for 
small N. 

The approach in [5], using reciprocal polynomials, is hrst hxing a 
consecutive irreducible sequence uq, ... ,Un-i, and then searching Un 
such that the polynomial Un-i)X + Un is irreducible. 

In this section, our approach is to searching Un such that the polynomial 
Uq + ■ ■ ■ + Un-iX^~^ -|- UnX^ is hreducible. This enable us to obtain 
new explicit lower bounds for In when N is small, which are better 
than those implied in [5]. 

We hrst remark that the number of consecutive irreducible sequences 
of hxed length is divisible by (g — 1)^. Indeed, let {/n}, n ^ 1, be a con¬ 
secutive polynomial sequence dehned by {un}, u ^ 0, in (1.1). Then, 
we know that for any n ^ 1 and a G F*, /„ is irreducible if and only if 
fn{aX) or afn{X) is irreducible. Thus, {un} is a consecutive irreducible 
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sequence if and only if {a^Un} or {aun} is a consecutive irreducible se¬ 
quence. In particular, when {«„} is a consecutive irreducible sequence, 
all these (g — 1 )^ consecutive sequences {ab^'Un}, where a, b run over 
F*, are distinct and irreducible. 

Next, we give some estimates for such sequences of length 2, 3 and 4 
which are compatible with the above heuristic. 


Theorem 5.5. The following hold: 

(2) h^^q- lf{q - 7){2q -3^-5) when q > 7. 


Proof. (1) As we have noted at the beginning of this section, if 
is a consecutive irreducible sequence, {ah^Un} are all distinct and con¬ 
secutive irreducible sequences when a, b run through F*. 

Therefore, we can fix uq = ui = 1. A quadratic polynomial U 2 X'^ + 
X -|- 1 is irreducible if and only if the discriminant is not a quadratic 
residue in ¥q. Since the discriminant is 1 — 4 u2, we have 


(5.11) 

h 


{q-iy 


#{«2 e f ; 


1 — 4^2 is not a quadratic residue of F^}, 


which, by noticing that 1 is not contained in the image of 1 — 4 m 2 for 
U 2 G F*, in fact is equal to (g — l)/2. This gives us the desired result. 

(2) For Is, hrst £x U 2 , and Ui = Uq = 1 such that the polynomial 
M 2 -A^ -|- X -|- 1 is irreducible, and we proceed to count how many of the 
polynomials 

f3=U3X^ + U2X^+X + l, 

are irreducible when runs over F*. The first thing to notice is that 
if M 3 7 ^ M 3 , then 

(5.12) gcd(M 3 X=' + MaX^ + X + 1, m' 3 X=' + MaX^ + X + 1) 

= gcd(M3X3 + M 2 X 2 + X + 1, (m;, - M3)X3) = 1, 


which means that these two polynomials have different irreducible fac¬ 
tors. By simple calculation, the discriminant of f^ = u^X^ -|- M 2 X^ -|- 
X -|- 1 is equal to 

Disc {fs) = —27ul -|- (18m2 — 4)m3 — 4m2 -I- m^. 


Notice that this discriminant can be viewed as a polynomial in M 3 , and 
it has no multiple roots if and only if its discriminant 

(5.13) - 432m^ + 432m^ - 144m2 + 16 7 ^ 0. 


Let X be the multiplicative quadratic character of F^. Now, under the 
condition (5.13), which means that Disc (f^) is not a square polynomial 
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in Ms up to a multiplicative constant, we estimate the number of Ms such 
that Disc (/s) is a square element in the following: 

#{ms e F* I x(Disc (/s)) = 1} ^ #{ms G ¥q \ x(Disc (/s)) = 1} - 1 


^ (l + x(Disc(/s))) 

■UaSFq 


-1 




1 

2 


1 

2 


x(Disc(/s)) 

naSFq 


- 1 


^ g/2 - ^q/2 - 1, 


where the last inequality comes from Lemma 2.3. Thus, using Lemma 
2.1, we get that under the condition (5.13), for at least q/2 — y/q/2 — 1 
values of Ms the polynomial /s has an odd number of distinct irreducible 
factors. 

If polynomial /s is reducible and has an odd number of distinct 
irreducible factors, it must have three distinct roots in F^. By (5.12), 
there are at most {q — l)/3 such polynomials /s. But here we can get 
a better estimate. Assume that ai, a 2 , as G F* are three distinct roots 
of /s, namely 

/s = MsX^ + m 2X2 + X + 1 = Ms(X - ai)(X - a 2 )(X - as). 

So, we get 

{ ai + a2 + as = ~'U2 /ms, 
aia2 + aias + a2a3 = I/ms, 
aia2as = —1/Ms. 

Put Pi = a~^,i = 1,2,3. By (5.14), we have 


(5.15) 


f Pi + P2 + Ps — —15 
\ P1P2 + P1P3 + P2P3 = '^2- 


Note that M 2 is hxed. If we £x Pi (that is, ai), then P 2 and P^ (that 
is, a 2 and as) are uniquely determined by (5.15). Thus, by symmetry 
there are at most {q — l)/(3!) such polynomials /s. So, it happens for 
at most (g — l)/6 values of Ms, and thus at least 


q/2 - y/q/2 - 1 - (g - l)/6 = g/3 - y/q/2 - 5/6 

values of Ms give an irreducible polynomial /s if M 2 satishes (5.13). 

In view of (5.11) and (5.13), there are at least / 2 /(g — 1)^ — 3 choices 
of M 2 such that the polynomial M 2 X^ + X + 1 is irreducible and the 
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condition (5.13) is not satisfied. Thus, we deduce that 

(5.16) h > {h/iq - 1)' - 3)(g/3 - y^/2 - 5/6)(g - l)^ 

which, together with the hrst result (1), implies the desired result. Note 
that, to ensure each part on the right-hand side of (5.16) is positive, 
we need q > 7. □ 

The strategy to estimate /4 is the same as in the proof of Theorem 
5.5, but the deductions are much more complicated. 

Theorem 5.6. Assume that the characteristic of Fg is not 2 or 3. 
Then, for q ^ 23 we have 

h> - 22yg - 4)(2g2 - Sq^/q - 25q + 21^ + 41). 

Proof. The lower bound for J 4 can be found in a very similar way. 
Again, we hx the values M 3 , U 2 such that the polynomials U 2 X‘^ + X + 1 
and u^X^ + U 2 X‘^ -|- X -|- 1 are irreducible, and consider the polynomial 

(5.17) f^ = UiX^+ u^X^+ U2X‘^ + X+ 1, M 4 eF;. 

In this case, the discriminant is equal to 


(5.18) Disc {fij = 256^4 — I 92 M 4 M 3 — I 28 M 4 M 2 + I 44 M 4 M 2 — 27^4 
-|- I44M4M3M2 — 6M4M3 — 8OM4M3M2 + I8M4M3M2 + I6M4M2 

— 4M4M2 — 27^3 -|- I8M3M2 — 4^3 — 4M3M2 + u\u\. 


In view of the term 27)Qu\ in (5.18), Disc (/ 4 ) is not a square polyno¬ 
mial in M 4 up to a multiplicative constant. Using Lemma 2.1, when 
Disc (/ 4 ) 7 ^ 0 (that is, /4 is square-free), we have that Disc {f^) is not a 
square element if and only if either f^ is irreducible, or it has two differ¬ 
ent non-zero roots in Fg and it is divisible by an irreducible polynomial 
of degree 2 . 

Let X be the multiplicative quadratic character of Fg. We hrst count 
the number of values of M 4 such that Disc (/ 4 ) is non-zero and is not a 
square element in Fg. This number is at least 


^ (l-T(Disc(/4)))-l 

Ui&q 



x(Disc(/4)) 

Ui&q 


- 1 


^ g/2 - yg- 1, 


(5.19) 
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where the last inequality follows from Lemma 2.3. Note that the term 
1” in (5.19) follows from the fact that we originally want G F*. 
Now, for our purpose, it remains to estimate the number of values 
of M 4 such that the polynomials /4 has the form 

(5.20) U = {X+ a){X+ b){cX^+ dX+ e), 

for some a, b, c^d,e & Fg with abce ^ 0 and a ^ b, where the polynomial 
cX"^ + dX + e is irreducible. If there is no value of satisfying (5.20), 
then this will yield a better bound for J 4 , which is 

h > - \/g - !)• 

In the following, we suppose that there indeed exist values of M 4 such 
that /4 has the form (5.20). In fact, it is equivalent to count the number 
of values of M 4 such that the reciprocal polynomial of f^, 

Qi = X'^ + X^ + U 2 X‘^ + U'^X + 7x4, 


has two different non-zero roots in Fg and a quadratic irreducible factor. 
Replace X by (R — 1/4) in 5 f 4 , we get 

h^ = Y^ + aY^ + -f 7 , 


where 

(5.21) 


a = U 2 — 3/8, 

(3 = U 3 - M 2/2 1/8, 

7 = M 4 — M 3/4 -|- M 2 /I 6 — 3/256. 


Then, the cubic resolvent of is 


R^ = Y^ + 2aY^ + (a^ _ 4^)y _ 


Since h .4 has two roots in Fg, the sum of these two roots is also in Fg. By 
Lemma 2.6 this means that R 4 has a root y which is a square element 
in Fg, where we need to use the assumption that the characteristic of 
Fg is not 2 or 3. If /3 = M 3 — M 2/2 + 1/8 7 ^ 0, then y is non-zero. Note 
that the number of values of (M 25 W 3 ) such that /? = 0 does not exceed 
the number of all possible choices of U 2 (such that the polynomial 
U 2 X‘^ -|- X -|- 1 is irreducible), so we have 

(5.22) #{(m 2,«3) 1/9 = 0} ^J2/(g-l)^ 


which implies that 

(5.23) #{(m 2 , M 3 ) I /9 7 ^ 0 } ^ h/{q - 1)' - h/iq - 1)', 

Now, assume that (3 = U 3 — M 2/2 -|- 1/8 7 ^ 0. Since y ^ 0 and 
y^ + 2ay^ + {a^ - 4:j)y - (3^ = 0, 
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we obtain 

(5.24) M4 = + 2ay‘^ + + U 3 - ^2/4 + 3/64)i/ - /(4i/). 

So, for each value of 114 satisfying (5.20), there exists a square element 
y in F* such that can be recovered by (5.24). Substituting (5.24) 
into (5.18), we get 

Disc(/4) = t/{Ayf, 

where t is a polynomial in y and has coefficients only depending on 
U 2 ,U 3 . Note that as a polynomial in y, the leading term of t is 256y^, 
and so degt = 9. 

Thus, under the condition (3^0, the number of values of U 4 satisfy¬ 
ing (5.20) is at most 

) E (1+xfe)) (1 - xitmf)) 

ye¥* 

= i E (1 + xiv)) (1 - xV#)’-*)) 

J/ 6 F* 

= i E (1+ xiv)) (1 - xm . 

yew* 

where the last identity comes from the fact that q is odd and y is a 
multiplicative character. Notice that there already exists value of M 4 
such that Disc {f^) is not a square element, this means that there exists 
value of y such that ty is not a square element. We also note that the 
leading term of ty is a square (which is 256i/^°). So, we must have that 
both ty and ty"^ are not a square polynomial in ?/ up to a constant. 
Besides, as a polynomial in y, each of them has at most 10 distinct 
roots. Now as before, employing Lemma 2.3, we get 

+ xiv)) {1 - X(ty)) 

yew* 

< j E (1 + xiv)) (1 - xity)) 

(5.25) 


x{ty) 

1 

+ i 


yeWq 




^ g/4 + 9y/q/2, 

where one should note that t is a polynomial in y and JZyeWq xiy) = 0- 
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Therefore, combining (5.19) with (5.25), £x M 2 ,M 3 such that {3 = 
Ms—M 2 / 2 +I /8 7 ^ 0 , the number of values of such that is irreducible 
is at least 

9/2 - x/g - 1 - (g/4 + 9^/2) = g/4 - llx/g/2 - 1. 

So, in view of (5.23), we deduce that 

h > (hKq - 1)" - hl(q - 1)") (9/4 - 1179/2 - 1)(9 - 1)7 

which, together with Theorem 5.5, concludes the proof. Note that, to 
ensure q/A — liyg/2 — 1 > 0, we need g ^ 23. □ 

We want to remark that the method we use here will become much 
more complicated in bounding Jtv explicitly for N ^ 5, and thus it 
might be not applicable. 


6. Open Questions 

The results in this paper about consecutive polynomial sequences 
give some insights to understand their factorization feature, but deh- 
nitely there is a long way ahead. Here, we pose some related questions 
which might be of interest to be studied. Certainly, there are many 
other things remaining to be explored. 

Let {fn}, u ^ 1, be a consecutive polynomial sequence dehned by a 
sequence {«„}, n ^ 0 , in ( 1 . 1 ). 

Question 6.1. Whether does there exist consecutive irreducible se¬ 
quence {un} of infinite length? 

In view of the heuristic upper bound of L{q) in (5.9) and Table 1, the 
answer to this question seems to be no for hnite helds. Unfortunately, 
this question seems to be beyond reach. Thus, we propose the following 
problem. 

Question 6.2. Construct consecutive polynomial sequence {fn} such 
that there are infinitely many irreducible polynomials in the sequence. 

Here, aside from the existence, we also ask for closed formulas to 
construct such sequences. Results in [23] almost show the existence of 
such sequences and that the irreducible elements are quite scattered, 
because in our case we need that all the coefficients are non-zero. At 
the end of Section 3, when q is an odd power of p and under Artin’s 
conjecture, the sequence with all the coefficients equal to 1 contains 
inhnitely many irreducible polynomials. Here, what we want is an 
unconditional result. 

Question 6.3. Is the lower bound for sequence {fn} of infinite length 
in Corollary 3.3 optimal? 
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The specific example showed in Theorem 3.4 suggests that maybe 
the lower bound in Corollary 3.3 can be improved. 

Question 6.4. Find upper bound of uj{fm+i ■ ■ ■ fm+n) for H consecu¬ 
tive terms. 

Note that for any polynomial g{X) G Fg[X] of degree n ^ 2, to 
get large u{g) it is required that g only has irreducible factors of low 
degree. Then, it is easy to check that u{g) ^ c{q)n/ logn, where c(g) 
is some function with respect to q. Thus, for integer it, ^ 2 we have 
u){fn) ^ c{q)n/ logn. Now, the problem is whether we can get better 
upper bounds for u{fm+i ■ ■ ■ fm+n)- 

We say that a term /„ has a primitive irreducible divisor if there 
exists an irreducible polynomial g G Fg[X] such that g \ fn, but g \ fi 
for i < n. 

Question 6.5. Can we show that almost all terms in {fn} have prim¬ 
itive irreducible divisors? 

This question is a natural analogue of the study on the existence of 
primitive prime divisors in sequences of integers (such as linear recur¬ 
rences of integers [3, 8], and sequences generated in arithmetic dynam¬ 
ics [9, 26]). 


Acknowledgement 

The authors would like to thank Igor E. Shparlinski for his valuable 
suggestions and stimulating discussions. The authors are grateful to 
the Mathematisches Forschungsinstitut Oberwolfach for hosting them 
in a Research in Pairs program. The research of A. O. was supported 
by the UNSW Vice Chancellor’s Fellowship and that of M. S. by the 
Australian Research Council Grant DP130100237. 

References 

[1] I. O. Angell and H. J. Godwin, On truncatable primes, Math. Comp. 31 
(1977), 265-267. 

[2] E. Bank, L. Bary-Soroker and L. Rosenzweig, Prime polynomials in short 
intervals and in arithmetic progressions, Duke Math. J. 164 (2015), 277-295. 

[3] Yu. Bilu, G. Hanrot and P. M. Voutier, Existence of primitive divisors of 
Lucas and Lehmer numbers, J. Reine Angew. Math. 539 (2001), 75-122. 
With an appendix by M. Mignotte. 

[4] L. Childs, A Concrete Introduction to Higher Algebra, Springer, 1984. 

[5] W.-S. Chou and S. D. Cohen, Polynomial distribution and sequences of irre¬ 
ducible polynomials over finite fields, J. Number Theory 75 (1999), 145-159. 

[6] A. Dubickas, Truncatable primes and unavoidable sets of divisors, Acta 
Math. Univ. Ostrav. 14(1) (2006), 21-25. 


CONSECUTIVE POLYNOMIAL SEQUENCES 


29 


[7] L. Euler, De formis radicum aequationum cuiusque ordinis coniectatio, Com- 
mentarii Academiae Scientiarum Petropolitanae 6 (1738), 216-231. English 
translation: A conjecture on the forms of the roots of equations, translated 
by J. Bell, available at http://arxiv.org/abs/0806.1927. 

[8] G. Everest, S. Stevens, D. Tamsett and T. Ward, Primes generated by re¬ 
currence sequences, Amer. Math. Monthly 114 (2007), 417-431. 

[9] P. Ingram and J. H. Silverman, Primitive divisors in arithmetic dynamics, 
Math. Proc. Camb. Phil. Soc. 146 (2009), 289-302. 

[10] D. Gomez-Perez, A. P. Nicolas, A. Ostafe and D. Sadornil, Stable polynomi¬ 
als over finite fields. Rev. Mat. Iberoam. 30 (2014), 523-535. 

[11] D. Gomez-Perez, A. Ostafe and I. E. Shparlinski, On irreducible divisors of 
iterated polynomials. Rev. Mat. Iberoam. 30 (2014), 1123-1134. 

[12] K. H. Ham and G. L. Mullen, Distribution of irreducible polynomials of small 
degrees over finite fields. Math. Comp. 67 (1998), 337-341. 

[13] T. Hansen and G. L. Mullen, Primitive polynomials over finite fields. Math. 
Comp. 59 (1992), 639-643, S47-S50. 

[14] H. Iwaniec and E. Kowalski, Analytic number theory, Amer. Math. Soc., 
Providence, RI, 2004. 

[15] S. Janson, Resultant and discriminant of polynomials, available at http: 
//www2.math.uu.se/~svante/papers/sjN5.pdf. 

[16] S. Janson, Roots of polynomials of degrees 3 and j, available at http:// 
arxiv.org/abs/1009.2373. 

[17] J. Johnsen, On the large sieve method in GF(q,x), Mathematika 18 (1971), 
172-184. 

[18] P. Kurlberg and C. Pomerance, On a problem of Arnold: The average mul- 
tiplieative order of a given integer. Algebra and Number Theory 7 (2013), 
981-999. 

[19] R. Lidl and H. Niederreiter, Finite fields, Cambridge University Press, 1997. 

[20] R. C. Mason, Diophantine Equations over Functions Fields, Cambridge Uni¬ 
versity Press, 1984. 

[21] R. C. Mason, Equations over function fields, Lecture Notes in Math., 
vol. 1068, Springer-Verlag, Berlin, 1984, 149-157. 

[22] G. L. Mullen and I. Shparlinski, Open problems and conjectures in finite 
fields, in: Finite Fields and Applications (S. D. Cohen and H. Niederre¬ 
iter, Eds.), London Math. Soc. Lecture Note Ser. 233, 313-332, Cambridge 
University Press, 1996. 

[23] P. Pollack, Irreducible polynomials with several prescribed coefficients. Finite 
Fields Appl. 22 (2013), 70-78. 

[24] A. J. van der Poorten, A quote. Math. Intelligencer 7(2) (1985), 40. 

[25] A. J. van der Poorten and 1. Shparlinski, On sequences of polynomials defined 
by certain recurrence relations, Acta Sci. Math. (Szeged) 61 (1995), 77-103. 

[26] B. Rice, Primitive prime divisors in polynomial arithmetic dynamics. Inte¬ 
gers (electronic), 7 (2007), A26. 

[27] H. Robbins, A remark on Stirling’s Formula, Amer. Math. Monthly 62 
(1955), 26-29. 

[28] M. Rosen, Number theory in function fields. Springer-Verlag, New York, 
2002 . 


30 


DOMINGO GOMEZ-PEREZ, ALINA OSTAFE, AND MIN SHA 


[29] 1. E. Shparlinski, On some dynamical systems in finite fields and residue 
rings, Discrete Contin. Dyn. Syst. Series A 17 (2007), 90I-9I7. 

[30] J. H. Silverman, The S-unit equation over function fields, Proc. Camb. Phi¬ 
los. Soc. 95 (1984), 3-4. 

[31] N. Snyder, An alternate proof of Mason’s theorem, Elemente Math. 55 
(2000), 93-94. 

[32] L. Stickelberger, Uber eine neue eigenschaft der diskriminanter algebraischer 
zahlkorper. Verb. 1 Internat. Math. Kongresses, 1897. 

[33] W. W. Stothers, Polynomial identities and hauptmoduln, Quart. J. Math. 
32 (1981), 349-370. 

[34] R. G. Swan, Factorization of polynomials over finite fields. Pacific J. Math. 
12 (1962), 1099-1106. 

[35] D. Wan, Generators and irreducible polynomials over finite fields, Math. 
Comp. 66 (1997), 1195-1212. 

Department of Mathematics, University of Cantabria, Santander 
39005, Spain 

E-mail address: domingo.gomez@unican.es 

School of Mathematics and Statistics, University of New South 
Wales, Sydney, NSW 2052, Australia 
E-mail address: alina.ostafe@unsw.edu.au 

School of Mathematics and Statistics, University of New South 
Wales, Sydney, NSW 2052, Australia 
E-mail address: shEmiin2010@gmail.com 



